The generalized distance spectral radius of a connected graph G is the spectral radius of the generalized distance matrix of G, defined by
Introduction
All graphs considered are finite, simple and connected in this paper. Let G be a connected graph with vertex set V (G) and edge set E(G). The distance between two vertices u and v in G, denoted by d uv , is defined to the length of the shortest path between u and v. The transmission T r(u) of a vertex u in G is defined to be the sum of the distances from u to all other vertices in G, i.e, T r(u) = v∈V (G) d uv . We say that G is k-transmission regular graph if T r(u) = k for any u ∈ V (G). The distance matrix D(G) = (d uv ) of G is the matrix indexed by vertices of G with its (u, v)-entry equal to d uv . Let T r(G) be the diagonal matrix of the vertex transmissions in G. Then the distance signless Laplacian matrix and distance Laplacian matrix are defined by Aouchiche and Hansen in [1] as D Q (G) = T r(G) + D(G) and D L (G) = T r(G) − D(G), respectively. Recently, Cui et al. [5] proposed to study the convex linear combinations D α (G) of T r(G) and D(G), defined by
Here D α (G) is called the generalized distance matrix of G. Observe that
, which validates the rationality of the definition (1) . In this setup, we can see the matrices D(G), D Q (G), D L (G) and T r(G) from a fresh perspective. For an n × n matrix M associated to a graph G, the eigenvalues of M are the zeros of the characteristic polynomial det(xI n − M) of M. The multiset of all eigenvalues of M is called the spectrum of M. In particular, the eigenvalues of D(G) (D Q (G) and D α (G), respectively) are called the distance (distance signless Laplacian and generalized distance, respectively) eigenvalues of G, which are all real. The largest distance (distance signless Laplacian and generalized distance, respectively) eigenvalue of G is called distance (distance signless Laplacian and generalized distance, respectively) spectral radius of G, denoted by ρ D (G) (ρ D Q (G) and ρ Dα (G), respectively).
The distance spectrum of a connected graph has been investigated extensively. For example, Stevanović and Ilić [13] proved that the star S n is the unique graph with minimum distance spectral radius among n-vertex trees. Yu et al. [16] determined the unique graphs with maximum and minimum distance spectral radii among unicyclic graphs with fixed number of vertices. Liu [10] determined the unique graphs with minimum distance spectral radius in three classes of simple connected graphs with fixed vertex connectivity, matching number and chromatic number, respectively. For more results on the distance spectral radius, see the recent survey [2] as well as the references therein. Recently, the distance Laplacian spectrum and distance signless Laplacian spectrum of graphs have also been studied in many papers. For example, Aouchiche and Hansen [3] showed that the star S n is the unique tree with minimum distance Laplacian spectral radius. Xing et al. [15] determined the unique graphs with minimum distance signless Laplacian spectral radius among the n-vertex trees, unicyclic graphs and bipartite graphs, respectively. Li et al. [8] gave a lower bound on the distance signless Laplacian spectral radius in terms of chromatic number and determined the unique graph with minimum distance signless Laplacian spectral radius among connected graphs with fixed number of vertices and chromatic number. For more review about distance (signless) Laplacian spectral radius of graphs, readers may refer to [1, 3, 6, 9, 14, 15] and the references therein.
Compared with the much studied distance (distance Laplacian and distance signless Laplacian) spectra, the study of generalized distance spectrum has just been proposed by Cui et al. in [5] . Some basic spectral properties of generalized distance matrix of graphs are established and bounds for the generalized distance spectral radius were obtained. In [5] , Cui et al. also determined the unique graph with minimum generalized distance spectral radius among all connected bipartite graphs with fixed number of vertices. The following problem was proposed: Characterize graphs with minimum generalized distance spectral radius among all connected r-partite graphs of order n with r ≥ 3. Recall that the chromatic number of a connected graph G is the smallest number of colors needed to color the vertices of G such that two adjacent vertices have different colors. The vertex set in the same color class forms an independent set of G. Thus, above problem is equivalent to the following problem: Characterize graphs with minimum generalized distance spectral radius among all connected graphs of order n with fixed chromatic number r ≥ 3.
In this paper, we give a lower bound on generalized distance spectral radius of connected graphs in terms of chromatic number and determine the unique graph with minimum generalized distance spectral radius among all connected graphs of order n with fixed chromatic number. The result gives a positive answer on the proposed problem. We also determine the unique graphs with minimum generalized distance spectral radius among the n-vertex trees and unicyclic graphs, respectively. These results generalize some known results about distance spectral radius and distance signless Laplacian spectral radius of graphs.
2 Minimum generalized distance spectral radius of graphs with fixed chromatic number
In addition, if G is connected, then D α (G) is a nonnegative and irreducible matrix for any 0 ≤ α < 1. By the Perron Frobenius Theorem, ρ Dα (G) has multiplicity one and there exists a unique positive unit eigenvector x = (x 1 , x 2 , . . . , x n ) T corresponding to it. We refer to x as to the Perron vector of G. Then the system of eigenequations D α (G)x = ρ Dα (G)x can be written as, for each vertex
For two nonadjacent vertices u, v ∈ V (G), let G + uv be the graph obtained from G by adding the edge uv. By the Perron Frobenius Theorem, we have the following lemma immediately.
Recall that two vertices u and v are equivalent in G if there exists an auto- 
Moveover, either of the equalities holds if and only if the row sums of M are all equal.
Let K n 1 ,n 2 ,...,nr denote the complete r-partite graph whose parts have size n 1 , n 2 , . . . , n r , respectively. Recall that the Turán graph T n,r is a complete rpartite graph on n vertices for which the numbers of vertices of every parts are as equal as possible.
Next we give a lower bound on generalized distance spectral radius of connected graphs in terms of chromatic number and determine the unique graph with minimum generalized distance spectral radius among all connected graphs of order n with fixed chromatic number. The result answers the proposed problem in Introduction (also see [5] ). Theorem 2.4. Let G be a connected graph of order n with given chromatic number r, where
where n = rd + s, 0 ≤ s < r. Furthermore, the equality in (4) holds if and only if G ∼ = T n,r .
Proof. We first prove that ρ Dα (G) ≥ ρ Dα (T n,r ) with equality if and only if G is the Turán graph T n,r . Let G be the graph with minimum generalized distance spectral radius among all connected graphs of order n with chromatic number r. Lemma 2.1 implies that G is the complete r-partite graph K n 1 ,n 2 ,...,nr , where n = n 1 + n 2 + · · · + n r . Without loss of generality, we assume that n 1 ≥ n 2 ≥ · · · ≥ n r . Suppose towards contradiction that G is not the Turán graph. Then n 1 −n r > 1. Consider the graph G ′ = K n 1 −1,n 2 ,...,n r−1 ,nr+1 where V ).
Proof of Claim 1. First, the identity (3) implies that, for any u ∈ V
Combining with above two equation, one has
Observe that T r(u) = n + n 1 − 3 and T r(v) = n + n r − 1. Then
From Lemma 2.3, we gets
where the last inequality holds as
It is easy to see that
Therefore, from (5), (6) and (7), implying that x 1 ≥ x r . ✷ Since the respective transmission degree sequences of G ′ and G are
and (n + n 1 − 2) (n 1 −1) , (n + n 2 − 2) (n 2 ) , . . . , (n + n r − 2) (nr) , (n + n 1 − 2) , where a (b) indicates that a is repeated b times. Then,
Since n 1 > n r +1, then Claim 1 implied that x T (T r(G ′ )−T r(G))x < 0. Similarly, from Claim 1 again, we have
Thus, from the Rayleigh's principle, we have
contradicting the minimality argument of the generalized distance spectral radius of G. Hence, G ∼ = T n,r .
Claim 2.
ρ Dα (T n,r ) = n + 2d + αn − 3 + (n(1
where n = rd + s, 0 ≤ s < r.
Proof of Claim 2. Let V i (i = 1, 2, . . . , r) be the vertex partition of T n,r and x be the unit Perron vector of T n,r corresponding to ρ Dα (T n,r ). From Lemma 2.2, we have x r = x s for any two vertices v r , v s in every subset V i . Then the identity (3) implies that, for any i = 1, 2, . . . , r,
which is equivalent to
Observe that T n,r has s parts of order d + 1 and r − s parts of order d. Summing the identity (8) for all i = 1, 2, . . . , r, we see that ρ Dα (T n,r ) satisfies the following equation in λ:
.
By solving this equation, we get
On the other hand, from (8), we easily see that ρ Dα (T n,r ) > αn+n i −2 ≥ αn+d−1.
Above all, the proof of Theorem 2.4 is completed.
In particular, for α = 0 in Theorem 2.4, we get a lower bound on distance spectral radius of connected graphs in terms of chromatic number.
Corollary 2.5. ([10] ) Let G be a connected graph of order n with given chromatic number r, where 3 ≤ r ≤ n − 1. Then
where n = rd + s, 0 ≤ s < r. Furthermore, the equality in (9) holds if and only if G ∼ = T n,r .
in Theorem 2.4, we easily obtain a lower bound about the distance signless Laplacian spectral radius of connected graphs in terms of chromatic number.
Corollary 2.6. ([8] ) Let G be a connected graph of order n with given chromatic number r, where 3 ≤ r ≤ n − 1. Then
where n = rd + s, 0 ≤ s < r. Furthermore, the equality in (10) holds if and only if G ∼ = T n,r .
Problem. Characterize the graphs with minimum generalized distance spectral radius among all connected graphs of order n with fixed chromatic number r ≥ 3
3 Minimum generalized distance spectral radius of the n-vertex tree and unicyclic graphs
In this section, we determine the unique graphs with minimum generalized distance spectral radius among the n-vertex tree and unicyclic graphs, respectively. We first recall some lemmas, which will be used in the following section. The Wiener index [7] of a connected graph G, denoted by W (G), is the sum of distances between all unordered pairs of vertices in G, that is,
u∈V (G) T r(u). Denote the n-vertex star by S n . For n ≥ 3, let S + n denote the n-vertex unicyclic graph obtained by adding an edge to S n . Lemma 3.1. ([5] ) Let G be a connected graph on n vertices. Then
with equality holding if and only if G is transmission regular.
Lemma 3.2. ([15]) (i)
Let G be a tree of order n ≥ 4 different from S n . Then,
(ii) Let G be a connected unicyclic graph of order n ≥ 6 different from S
The equality in (11) holds if and only if G is transmission regular.
Theorem 3.4. Let G be a tree of order n ≥ 4. If 0 ≤ α < 1, then,
with equality holding if and only if G ∼ = S n .
Proof. Suppose that G is a tree of order n ≥ 4 different from S n . Now, from the (i) of Lemma 3.2, we get that W (G) ≥ n 2 − n − 2. It follows from Lemma 3.1 that
where the last inequality holds as n ≥ 4. Observe that the transmission degree sequences of S n is ((2n − 3) (n−1) , (n − 1) (1) ). Then, ρ D 1 (S n ) = 2n − 3. Since S n is non-transmission regular. Then, Lemma 3.3 implies that ρ Dα (S n ) is strictly increasing function in α, that is, ρ D 1 (S n ) > ρ Dα (S n ) for 0 ≤ α < 1. Hence, from (12), we have ρ Dα (G) > ρ Dα (S n ) for 0 ≤ α < 1.
Next, we shall give the generalized distance spectral radius ρ Dα (S n ). Let x be the unit Perron vector of S n corresponding to ρ Dα (S n ). By Lemma 2.2, the equivalent vertices have same entries in x. Thus x can be shaped as
It follows from (3) that
Eliminating x 1 and x 2 from above equations, we obtain that ρ Dα (S n ) is the largest root of the following equation in ρ:
By solving this equation, we get
completing the proof.
In particular, for α = 0 in Theorem 3.4, we get a lower bound on distance spectral radius of the n-vertex trees.
Corollary 3.5. ([13] ) Let G be a tree of order n ≥ 4. Then,
Similarly, for α = 
Theorem 3.7. Let G be a connected unicyclic graph of order n ≥ 6. Then, there exists α 0 ∈ (
, 1) such that, for any 0 ≤ α < α 0 ,
where ρ Dα (S + n ) is the largest root of the following equation in ρ:
Furthermore, the equality holds if and only if
8.3574 8.6667 9 7 10.4031 10.8571 11 Table 1 : The value of ρ D 1/2 (S + n ), ρ D 1 (S + n ) and 2n − 2 − 8/n for n = 6, 7.
Proof. Suppose that G is a connected unicyclic graph of order n ≥ 6 different from S + n . Now, from the (ii) of Lemma 3.2, we get that W (G) ≥ n 2 − n − 4. It follows from Lemma 3.1 that
For n = 6, 7, by a simple calculation, we get the Table 1 . Since every eigenvalue of a matrix is a continuous function of its elements. Then, from Table 1 , there exists some real α 1 ∈ (
Similarly, there exists α 2 ∈ ( The spectral radius of a nonnegative square matrix is same as the spectral radius of a quotient matrix of it corresponding to an equitable partition (see [4] ), implying the required results.
Remark that, for α = 0 (α = 1 2 , respectively) in Theorem 3.7, we easily obtain the following Corollary 3.8 (Corollary 3.9, respectively). 
